We present the yield and spectra of stable secondary particles (γ, e ± , ν e ,ν e , ν µ , andν µ ) of p−p interaction in parameterized formulae to facilitate calculations involving them in astronomical environments. The formulae are derived from the up-to-date p−p interaction model by Kamae et al. (2005) , which incorporates the logarithmically rising inelastic cross section, the diffraction dissociation process, and the Feynman scaling violation. To improve fidelity to experimental data in lower energies, two baryon resonance contributions have been added: one representing ∆(1232) and the other representing multiple resonances around 1600 MeV/c 2 . The parametrized formulae predict that all secondary particle spectra be harder by about 0.05 in power-law indices than that of the incident proton and their inclusive cross-sections be larger than those predicted by p − p interaction models based on the Feynman scaling.
Introduction
Gamma-ray emission due to neutral pions produced by proton-proton interaction has long been predicted from the Galactic ridge, supernova remnants (SNRs), active galactic
In the past two years, several SNRs, including RX J1713-3946 and RX J0852-4622, have been imaged in the TeV band with an angular resolution around 0.1
• by H.E.S.S. (Aharonian et al. 2004b,c; Aharonian 2005) . A smooth featureless spectrum, suggestive of synchrotron radiation by multi-TeV electrons, has been detected in the X-ray band from RX J1713-3946 (Koyama et al. 1997; Slane et al. 1999; Uchiyama et al. 2003) and RX J0852-4622 (Tsunemi et al. 2000; Iyudin et al. 2005) . The measured TeV gamma-ray fluxes and spectra, however, do not agree well with those predicted by the inverse Compton scenario (see, e.g., the analysis in Uchiyama et al. (2003) ). Several authors have proposed that the TeV gamma-rays are possibly due to interaction of accelerated protons with the ISM (Berezhko & Volk 2000; Enomoto et al. 2002; Aharonian 2004; Katagiri et al. 2005 ).
Higher precision data are expected, in the GeV range, from GLAST Large Area Telescope (GLAST-LAT 2005) 1 and, in the TeV range, from the upgraded Air Cherenkov Telescopes ): they will soon test applicability of the inverse Compton upscattering and the proton interaction with ISM for various astronomical gamma-ray sources. In many objects, secondary electrons and positrons may produce fluxes of hard X-rays and low-energy gamma-rays detectable with high-sensitivity instruments aboard Integral, Swift, Suzaku, and NuSTAR.
2 The formulae given here will give fluxes and spectra of these secondary particles for arbitrary incident proton spectrum.
This work is an extension of that by Kamae et al. (2005) , where up-to-date knowledge of the π 0 yield in the p − p inelastic interaction has been used to predict the Galactic diffuse gamma-ray emission. The authors have found that past calculations (Stecker 1970 (Stecker , 1973 (Stecker , 1990 Strong et al. 1978; Stephens & Badhwar 1981; Dermer 1986a,b; Mori 1997; Strong et al. 2000) had left out the diffractive interaction and the Feynman scaling violation in the nondiffractive inelastic interaction. Another important finding by them is that most previous calculations have assumed an energy-independent p−p inelastic cross-section of about 24 mb for T p ≫ 10 GeV, whereas recent experimental data have established a logarithmic increase with the incident proton energy. Updating these shortfalls has changed the prediction on the gamma-ray spectrum in the GeV band significantly: the gamma-ray power-law index is harder than that of the incident proton; and the GeV−TeV gamma-ray flux is significantly larger than that predicted on the constant cross-section and Feynman scaling (Kamae et al. 2005) . The model by Kamae et al. (2005) will hereafter be referred to as model A.
Model A does not model p − p interaction accurately near the pion production threshold. To improve prediction of gamma-rays, electrons, and positrons produced near the pion production threshold, two baryon resonance excitation components have bee added to model A: ∆(1232), representing the ∆ resonance, and res(1600), representing resonances around 1600 MeV/c 2 . We note here that ∆(1232) is the most prominent and lightest Baryon resonance excited in p − p interaction. It has a mass of 1.232 GeV/c 2 and a width of about 0.12 GeV/c 2 , and decays to a nucleon (proton or neutron) and a pion (π +,0,− ). The other resonance, res(1600), is assumed to decay to a nucleon and two pions. Introduction of these contributions have necessitated adjustment of the model A at lower energies as described below. The readjusted model will be referred to as the "readjusted model A".
The parameterized model presented here exhibits all features of model A at higher energies (proton kinetic energy, T p > 3 GeV) and reproduces experimental data down to the pion production threshold. The inclusive gamma-ray and neutrino cross-section formulae can be used to predict their yields and spectra for a wide range of incident proton spectrum. Formulae for electrons and positrons predict sub-TeV to multi-TeV secondary electrons and positrons supplied by p − p interaction. We note that space-borne experiments such as PAMELA 3 will soon measure the electron and positron spectra in the sub-TeV energy range, where the secondaries of p−p interaction may become comparable to the primary components (Müller 2001; Stephens 2001; DuVernois et al. 2001 ).
Due to paucity of experimental data and widely accepted modeling, we have not parameterized inclusive secondary cross-sections for α − p nor p−He nor α−He interactions. We note that α-particles are known to make up about 7% by number of cosmic-rays observed near the Earth (Schlickeiser 2002) and that He to make up ∼ 10% by number of interstellar gas. The total non p − p contribution is comparable to that of p − p contribution. The α-particle and He nucleus can be regarded, to a good approximation, as four independent protons beyond the resonance region (T p > 3 GeV): the error introduced is expected to be less than 10% for high energy light secondary particles (Kamae et al. 2005 ).
Inclusion of α-particle as projectile and He nuclei as targets will change the positronelectron ratio significantly (about 10 − 15%) as discussed below. Fermi motion of nucleons and multiple nucleonic interactions in the nucleus are known to significantly affect pion production near the threshold and in the resonance region (T p < 3 GeV; Crawford et al. 1980; Mårtensson et al. 2000) ; we acknowledge need for separate treatment of p−He, α − p, and α−He interactions in the future.
Monte Carlo Event Generation
The parameterization of the inclusive cross sections for γ, e ± , ν, andν has been carried out, separately, for non-diffractive, diffractive, and resonance-excitation processes, in three steps: First, the secondary particle spectra have been extracted out of events generated for mono-energetic protons (0.488 GeV < T p < 512 TeV) based on the readjusted model A. We then fit these spectra with a common parameterized function, separately for non-diffractive, diffractive and resonance-excitation processes. In the third step, the parameters determined for mono-energetic protons are fitted as functions of proton energy, again separately for the three processes. The above procedure has been repeated for all secondary particle types.
The functional formulae often introduce tails extending beyond the energy-momentum conservation limits, which may produce artifacts when wide range spectral energy density (E 2 dflux(γ)/dE) is plotted. To eliminate such artifacts, we introduce another set of functions to impose the kinematic limits.
Several simulation programs have been used in model A (Kamae et al. 2005) : for the high energy non-diffractive process (T p > 52.6 GeV), Pythia 6.2 (Sjöstrand et al. 2001) with the multi-parton-level scaling violation option (Sjöstrand & Skands 2004) ; 4 for the lower energy non-diffractive process, the parameterized model by (Blattnig et al. 2000) ; for the diffractive part, the program by T. Kamae (2004, personal communication) 5 . In the readjusted model A, two programs to simulate two resonance-excitation components have also been added. Modeling of the two resonance components will be explained below.
Non-Diffractive, Diffractive, and Resonance-Excitation Cross-Sections
Experimental data on p − p cross-sections are archived for a broad range of the incident proton energy and various final states. The total and elastic cross-sections have been compiled from those by Hagiwara et al. (2002) , as shown in Figure 1 . The two thin curves running through experimental data points in the figure are our eye-ball fits to the total and elastic cross sections. We then define the "empirical" inelastic cross section as the difference of the two curves to which the sum of non-diffractive, diffractive, ∆(1232)-excitation, and res(1600)-excitation components are constrained. Typical errors in the empirical inelastic cross-section are 20% for T p < 3 GeV and 10% for T p > 3 GeV. We note that there is no clear experimental method separating the four components, especially at lower energies (T p < 20 GeV). This ambiguity does not significantly affect the secondary particle fluxes, as long as the sum agrees with the total inelastic cross section and the total secondary inclusive cross sections agree with the corresponding experimental data.
The secondary particle spectra for a mono-energetic proton are normalized to the component cross sections given in equations (1), (2), (3) and (4) at the corresponding proton energy. We note that the non-diffractive component for T p < 52.6 GeV is based on the formula by Blattnig et al. (2000) , which is normalized to their π 0 inclusive cross section formula not to the total inelastic cross section. In the readjusted model A, this component cross section is defined by equation (1) and the π 0 inclusive cross section formula of Blattnig et al. (2000) has been redefined so that the sum of the four components reproduce the experimental π 0 inclusive cross section. The positive and negative pion inclusive cross sections are also redefined as products of our π 0 inclusive cross section and the ratio of the π +,− and π 0 inclusive cross sections given in Blattnig et al. (2000) . Figure 1 .
where x = log 10 (P p [GeV/c]) and E p is the proton energy in GeV.
Introduction of Resonance-Excitation Processes to Model A
One or both of the projectile and target protons can be excited to baryon resonances in the p − p interaction. Here we use "baryon resonances" to represent both nucleon resonances (iso-spin=1/2) and ∆ resonances (iso-spin=3/2). These excitations enhance the pion production (and hence secondary particle production) near the inelastic threshold. The most prominent resonance among them is ∆(1232), which has a mass of 1232 MeV/c 2 and decays predominantly (> 99%) to a nucleon and a pion (Hagiwara et al. 2002) . Stecker (1970) proposed a cosmic gamma-ray model in which neutral pions are produced only through the ∆(1232) excitation for T p ≤ 2.2 GeV. The resonance is assumed to move only in the direction of the incident proton. At higher energies, another process, the fireball process, sets in and produces pions with limited transverse momenta.
Dermer (1986a) compared predictions of models on π 0 kinetic energy distribution in the proton-proton center-of-mass (CM) system with experiments and noted that the model by Stecker (1970) reproduces data better than the scaling model by Stephens & Badhwar (1981) for T p < 3 GeV. He proposed a cosmic gamma-ray production model that covers a wider energy range by connecting the two models in the energy range T p = 3 − 7 GeV.
Model A by Kamae et al. (2005) has been constructed primarily for the p − p inelastic interaction T p ≫ 1 GeV and has left room for improvement for T p < 3 GeV. The diffraction dissociation component of model A has a resonance-excitation feature similar to that implemented in Stecker (1971) for T p > 3 GeV where either or both protons can be excited to nucleon resonances (iso-spin=1/2 and mass around 1600 MeV/c 2 ) along the direction of the incident and/or target protons. What has not been implemented in model A is the enhancement by baryon resonances in the inclusive pion production cross sections below T p < 3 GeV.
We note here that the the models by Stecker (1970) and by Dermer (1986a , see also Dermer 1986b used experimental data on the inclusive π 0 yield (and that of charged pions) to guide their modeling, but not the total inelastic cross section. Model A by Kamae et al. (2005) , on the other hand, has simulated all particles in each event (referred to as the "exclusive" particle distribution) for all component cross sections. One exception is simulation of the low-energy non-diffractive process (T p < 52.6 GeV) by Blattnig et al. (2000) . The inclusive π 0 (or gamma-ray) yield is obtained by collecting π 0 (or gamma-rays) in simulated exclusive events. When readjusting model A by adding the resonance-excitation feature similar to that by Stecker (1970) , overall coherence to model A has been kept. We adjusted the ∆(1232) excitation cross section to reproduce the total inelastic cross section given in Figure 2 and fixed the average pion multiplicities for + : 0 : − to those expected by the one-pion-exchange hypothesis, 0.73 : 0.27 : 0.0. As higher-mass resonances begin to contribute, the average pion multiplicity is expected to increase. To reproduce the experimental π 0 inclusive cross section and total inelastic cross section for T p < 3 GeV, we introduced a second resonance, res(1600). This resonance does not correspond to any specific resonance but represents several baryon resonances at around 1600 MeV/c 2 : its pion multiplicities (+ : 0 : −) are assumed to be 1.0:0.8:0.2. We note here that the resonance components favor positive pions significantly over neutral pions while negative pions are strongly suppressed.
The distribution of pion kinetic energy in the p −p center-of-mass (CM) system (T π ) has been adjusted to reproduce the experimental ones given in Figs. 3-5 of Dermer (1986a) . For the ∆(1232) excitation, the probability increases proportionally to T π up to its maximum, set at T π = 0.28×abs(T p −0.4) 0.45 . Here T π and T p are measured in GeV/c. The distribution goes to zero beyond this maximum value. For res(1600), the probability distribution increases proportionally to T π to reach its peak at T π = 0.16 × abs(T p − 0.4) 0.45 . It decreases linearly until reaching zero at twice the peak of T π .
Pion momentum is directed isotropically in the p − p CM system for res(1600) as well as for ∆(1232). No angular correlation has been assumed between the two pions from res(1600): this is justified for the astronomical environment where chance of detecting two gamma rays from a same interaction is null. Decay kinematics including the polarization effect has been implemented to the charged pion decay. This treatment allows the resonances to recoil transversely to the direction of the incident proton while the recoil was constrained along the incident proton direction in Stecker (1970) .
To validate the resonance components of the readjusted model A, we have compared the model π 0 spectrum in the p−p CM system at T p = 0.65, 0.97, and 2.0 GeV with experimental data in Figures 3, 4 , 5. Shown in these figures are contributions of the ∆(1232), res(1600), non-diffractive, and diffractive processes. Our model reproduces well the shape of pion kinetic energy distribution at T p = 0.65 GeV but begins to concentrate more towards zero kinetic energy than experimental data at T p = 0.97 and 2.0 GeV. Fidelity to the experimental data is much improved when compared with the model by Stephens & Badhwar (1981) but somewhat worse than the one by Stecker (1970) given in Figures 2-6 of Dermer (1986a) . The difference among the models becomes less noticeable for pion decay products, gamma-rays, electrons, positrons, and neutrinos.
Our inclusive π 0 cross section, sum of all four components, is compared with experimental data assembled by Stecker (1970) and Dermer (1986a) in Fig. 6 . The readjusted model A reproduces experimental data quite well for a wide range of incident proton energy. (1986a)), and the dotted line is for the diffractive process. The others are the same as in Fig. 3 .
Inclusive Spectra of Simulated Events for Mono-Energetic Proton Beam
The first step of parameterization is to generate simulated events for mono-energetic protons. To simplify this step, events have been generated for discrete proton energies at a geometrical series of T p = 1000.0 × 2 (N −22)/2 GeV where N = 0 − 40. Each proton kinetic energy (T p ) represents a bin covering between 2 −0.25 T p and 2 0.25 T p . The sampling density has been increased for T p < 1 GeV by adding points at T p = 0.58 GeV and 0.82 GeV.
Secondary particle spectra are histogrammed from these simulated events in energy bins of width ∆E/E = 5 %. Stecker (1970) and Dermer (1986a) . Lines are those of readjusted model A: total (solid line), non-diffractive (dashed line), diffractive process (dot-dashed line), ∆(1232) (double-dot-dashed line), and res(1600) (dotted line). We then define, after several iterations of fitting, functional formulae that reproduce the secondary particle spectra for mono-energetic protons, for the non-diffractive, diffractive, and resonance-excitation processes separately. For the non-diffractive process, the differential inclusive cross section (∆σ ND ) to produce a secondary particle in a bin of width ∆E sec /E sec = 100 % centered at E sec is given as
where E sec [GeV] is the energy of the secondary particle and x = log 10 (E sec [GeV]). F ND (x) is the formula representing the non-diffractive cross section, given in equation (6) below, and F ND,kl (x) is the formula to approximately enforce the energy-momentum conservation limits:
where L min and L max are the lower and upper kinematic limits imposed and W ND,l and W ND,h are the widths of the kinematic cut-offs; L min = −2.6 for all secondary particles, and the other parameters are listed in Table 2 .
For the diffractive process we use a similar function
where E sec [GeV] is the energy of the secondary particle and x = log 10 (E sec [GeV]); F diff (x) represents the diffractive cross section, given in equation (9) below, and F kl (x) enforces the energy-momentum conservation:
with W diff = 75 and L max = log 10 (T p [GeV ]).
For the resonance-excitation processes [∆(1232) and res (1600)] we use the function,
where E sec [GeV] is the energy of the secondary particle and x = log 10 (E sec [GeV]), F res (x) represents the cross section, given in equation (12) below, and F kl (x), which is the same as for the diffraction process, enforces the energy-momentum conservation:
To ensure that the parameterized model reproduces the experimental π 0 multiplicity after the readjustment in the resonance-excitation region of T p , we have renormalized the non-diffractive contribution by multiplying it with a renormalization factor, r(T p ), given below, to the final spectrum. Note that this readjustment does not affected the diffractive process.
r(y = log 10 (T p )) = 3.05 exp (−107((y + 3.25)/(1 + 8.08(y + 3.25))) 2 ) for T p ≤ 1.95GeV.
For all other secondary particles, r(y = log 10 (T p )) is found in Tables 4-9.
The simulated gamma-ray inclusive cross sections are superimposed with the parameterized ones in Figures 9a and 9b for three mono-energetic protons, for the non-diffractive and diffractive processes and for the resonance-excitation processes in Figure 10 . The agreement is generally good except near the higher and lower kinematical limits where we find a difference of about 10-20%. (6) and (9), and parameters given in Table 3 . (12) for both ∆(1232) and res(1600), and parameters are given in Table 3 .
Representation of Parameters as Functions of Incident Proton Energy
The parameterization formulae for secondary particles for mono-energetic protons (equations [6], [9] and [12] ) have nine, eight, and five parameters for each T p for non-diffractive, diffractive, and resonance-excitation processes respectively. These parameters depend on the proton kinetic energy, T p . The final step of the parameterization is to find simple functions representing energy dependence of these parameters. Functions obtained by fitting often give values different significantly from those found for mono-energetic protons near the kinematic limits and produce artifacts in the wide range spectral energy density, as described previously. Some manual adjustments have been made to control possible artifacts.
Parameterized Gamma Ray Spectrum
The final functional representation of inclusive cross sections for secondary gamma-rays is given in equations (6), (9), and (12) with parameters defined as functions of T p in TeV (not GeV) in Table 3 . The total inclusive gamma-ray spectrum is the sum of the nondiffractive, diffractive, and resonance-excitation contributions. The spectrum produced by protons with a continuous spectrum can be calculated by summing over the total gammaray spectra for mono-energetic protons with appropriate spectral weight. For example, the spectra for power-law protons extending to T p = 512 TeV with index=2 and index=2.7 have been calculated and compared with the corresponding histograms produced from the simulated events in Figure 11 . The parameterized model reproduces either spectrum within 10%: it predicts 10-20% more gamma-rays than simulation by the readjusted model A at the higher kinematical limit. (6), (9), (12), and by Table 3 . The histograms are those of the simulation by the readjusted model A. The dashed straight line corresponds to an index of (a) 1.95 and (b) 2.68.
Parameterized e ± and Neutrino Spectra
The parameterization has been extended to other secondary particles, e − , e + , ν e ,ν e , ν µ , andν µ , in the same way as for gamma-rays. Their functional formulae are represented by equations (6), (9), and (12) with the parameters defined in Tables 4, 5 , 6, 7, 8, and 9, respectively. We note that no π − is produced in ∆(1232) decay in readjusted model A and, hence, no e − andν e either.
We note that the secondary electron and positron spectra from charged pion and muon decays have been calculated including the polarization effect of the weak interaction theory. The spectra produced by power-law protons of index=2.0 and 2.7 (T p < 512 TeV) have been computed based on these parameterized models in Figure 12 for e ± and Figure 13 for ν µ . We note in Figure 12 that more e + are produced than e − throughout their spectra. This is largely due to the charge conservation and enhanced by the fact that we have neglected α-particles and neutron decays. The number of electrons produced in the p − p interaction will match that of positrons if we include electrons coming out of neutron decays.
For given T p , electrons from neutron decays have low energy (mostly with E < 10 MeV) as shown by the lower histograms in Figure 12 . They do not contribute to the high energy gamma-ray spectrum. (6), (9), and (12). The parameters are defined in Table 4 for electrons and in Table 5 for positrons. The histograms are those of the simulation by the readjusted model A. The dashed straight lines correspond to asymptotic power-laws: for electrons 1.93 and 2.63 respectively; and for positrons 1.96 and 2.69 respectively. The histograms in the lower left corner of (a) and (b) show the spectra of the electrons from the neutrons produced by the power-law protons. (6), (9), and (12). The parameters are defined in Table 8 . The histograms are those of the simulation by model A and ∆-excitation. The dashed straight lines correspond to index of (a) 1.93 and (b) 2.66. Note that the muon antineutrino spectra are the same. 
Application to Galactic Diffuse Gamma-Ray Emission
We have replaced the π 0 production subroutine of Galprop (Strong & Moskalenko 1997 ) with the present parameterized model and compared the Galactic diffuse gamma-ray spectra of π 0 origin with that by the built-in subroutine. A common parameter set, galdef 500180 described in Strong et al. (2004) , has been used in the two calculations.
As shown in Figure 14 , the present parameterized model gives a flatter and smoother spectral energy distribution between E γ = 0.3 − 2 GeV, smaller gamma-ray yield between 0.5 − 1.3 GeV, and a higher power-law index between 1 − 5 GeV than the Galprop built-in model. In Kamae et al. (2005) , gamma-ray spectrum of the Galprop built-in model was compared with that of model A, after being normalized in the energy range E < 300 MeV. This normalization enhanced gamma-ray yield in the GeV range relative to sub-GeV range. The Galprop built-in p − p interaction model has been tuned to reproduce accelerator experiments better than model A of Kamae et al. (2005) near the threshold. We have included the resonance contributions in the present model to improve this shortcoming near the threshold. Hence we have change the normalization point to the peak region in E 2 dflux/dE, E γ = 0.7 − 0.8 GeV, where gamma-rays from π 0 decays are expected to dominate (see Figure 14, dashed curve) . The present model thus normalized gives ∼ 20% higher gamma-ray yield than Galprop at 2 GeV: this is substantially lower than the difference (about 50%) shown in Figure 7 of Kamae et al. (2005) . The gamma-ray power-law index of the present model is harder by about 0.05 than that by the Galprop built-in model, just as the model A of Kamae et al. (2005) predicts.
Conclusion and Future Prospects
We have presented the inclusive cross sections of stable secondary particles (γ, e ± , ν e , ν e , ν µ , andν µ ) produced by the p − p interaction in parameterized formulae. They facilitates computation of secondary particle spectra for arbitrary proton spectra as shown for Galactic diffuse gamma-ray spectrum (Figure 14) . Various effects that these secondary particles may have in astronomical environments can also be calculated at a higher precision. The formulae incorporate all important known features of the p − p interaction up to about T p = 500 TeV and hence will also be useful in calculating background when searching for new phenomena.
The parameterized model predicts all secondary particle spectra to have harder powerlaw indices than that of the incident proton and their inclusive cross sections to be larger than those expected from the old p − p interaction models. When used to replace the p − p subroutine in Galprop (Strong & Moskalenko 1997 , the model gives a flatter spectral energy density distribution between 0.3 − 5 GeV. The absolute gamma-ray yield predicted by the model is smaller than that by the Galprop model for E γ < 1.5 GeV but higher for E γ > 1.5 GeV. If normalized near the peak in E 2 dflux/dE (E γ = 0.7 − 0.8 GeV), the parameterized model gives ∼ 20% higher gamma-ray yield at 2 GeV than the model of Galprop: our model with this normalization can account for ∼ 20%, not ∼ 50% as was claimed in Kamae et al. (2005) , of the discrepancy between the diffuse Galactic Ridge gammaray spectrum observed by EGRET and model predictions for the proton spectrum near the solar system (the power-law index ∼ 2.7) (Hunter et al. 1997) . We note the discrepancy will be reduced by inclusion of the inverse Compton component (see, for example, a model by Strong et al. (2004) ).
The present model also predicts more e + than e − at energies higher wherever those produced by p − p interaction become comparable in flux to primary e − and e + . The formulae and parameters given in the appendices are available as supplementary on-line material both in C language format and as C subroutine. We are currently parametrizing the angular distribution of gamma-rays relative to the incident proton direction. The results will be published elsewhere. This preprint was prepared with the AAS L A T E X macros v5.2. Table 7 : Parameters describing electron anti-neutrino spectra for arbitrary proton energy.
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